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1. Introduction 

Let M be a compact manifold Riemannian manifold of dimension n > 2, 
with a metric of sectional curvature bounded above by x < (non-positive 
curvature). In this paper we prove that in the case of negative curvature 
(x < 0) on such manifolds there exist pairs of points connected by at least 
2n + 1 geometrically distinct geodesic segments (i.e. length minimizing). A 
class of points which provide examples in this class are the points situated 
at distance equal to the diameter of the manifold. A simplified version of 
the method allows us to show that in the case of non-positive curvature 
(x = 0) f° r an y point there exist another point and n + 1 geometrically 
distinct geodesic segments connecting them. The essential ingredient in the 
proofs is the basic metric property of the spaces of non-positive and negative 
curvature to have their distance function convex and, in a sense that will be 
explained in the paper, even almost strictly convex. The results can also be 
seen as estimates for the "order" of the points in the cut locus for manifolds 
of non-positive curvature. 

In the case of positive curvature the situation changes: for the ellipsoid 
in IR 3 with axes of different lengths, the points at maximal distance are 
connected by two geodesic segments, but for the sphere by infinitely many 
geodesic segments. For the flat torus obtained as a quotient of IR 2 by a lattice 
not generated by two orthogonal vectors, the maximal "order" of the points 
in the cut locus is 3. Interesting is the situation for convex polyhedra in IR 3 
which is intermediate between the cases of negative and positive curvature. 
For a large class of them, namely for those admitting two points at maximal 
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intrinsic distance which are not vertices, the result remains true, i.e. there 
are at least 5 geodesic segments connecting the two points. Moreover, the 
convex polyhedra in the above class with two points at maximal intrinsic 
distance connected by exactly 5 geodesic segments form a dense set in the 
class. The results concerning the polyhedra are not treated in this paper. 

I would like to thank to Professor Tudor Zamfirescu for suggesting me 
the problem for the case of convex surfaces, and for his constant support 
during my stay at the University of Dortmund, Germany. My special thanks 
to Professors Jianguo Cao, Richard Hain, John Harer, David Morrison and 
Fangyang Zheng for many useful comments and encouragement. 

2. Preliminaries 

We recall some definitions. Complete explanations can be found in [2] 
and [4]. 

A function / : I — » IR, / being an interval in IR, is said to be convex if 
for a 7^ 6, a, b G / and t G (0, 1) we have the inequality 

f(ta + (l-t)b)<tf(a) + (l-t)f(b) 

The function is called strictly convex if the inequality is strict. If N is 
a Riemannian manifold of dimension n > 2, consider a geodesic segment 
parametrized proportionally to arc length 7 : [0, 1] — * AT, 7(0) = po,7(l) — 
Pi. Denote by [po,Pi] the set 7QO, 1]). A subset V G N is called convex, if 
for every p, q G V there is a unique geodesic segment from p to q and this is 
contained in V. A function / : V — > IR is called (strictly) convex if for every 
nontrivial geodesic 7 : [0, 1] — > V parametrized proportionally to arc length 
the function / o 7 is (strictly) convex. 

We now introduce a notion useful in what follows. For an open nonempty 
convex set V C N and for a point pG^a convex function / : V — > IR is 
called almost strictly convex at p, if there exists a line P p C T P V (passing 
through the origin) such that for every geodesic 7 : [0, 1] — > V parametrized 
proportionally to arc length with 7(0) = p, 7(0) G" 1-Jj, the function / o 7 
is not constant. If / is almost strictly convex for all p G V, we say that / 
is almost strictly convex on V. Of course, every strictly convex function is 
almost strictly convex. 

Remark 2.1. If M 1 and M 2 are Riemannian manifolds, then the product 
Riemannian metric on Mi x M2 is given by the action of the two metrics on 
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the product tangent space. So a curve 



7 : [0, 1] - Mx x M 2 , 7 (f) = ( 7l (t), 72 (f)), 

is a geodesic parametrized proportionally to arc length in M 1 x M 2 if and only 
if 7i : [0, 1] — > Mj,i = 1,2, are also geodesies parametrized proportionally to 
arc length. It follows that if Ui C Mj are nonempty convex sets (i = 1,2), 
then Ui x U 2 is also a convex set in Mi x M 2 . 

Consider now a simply connected complete Riemannian manifold N of 
dimension n > 2, with all the sectional curvatures bounded above by x < 
(shortly, of non-positive curvature). We will say that N has negative curva- 
ture if x < 0. 

We introduce some notations. For two distinct points po,Pi G N consider 
the geodesic segment 7 : [0, 1] — > N parametrized proportionally to arc 
length, such that 7 (0) = po, 7 (l) — Pi, and for t (0 < t < 1) denote by 
(1 — t)p + tpi the point 7 (t). Suppose that H x is the 2-dimensional space 
of constant curvature x < (i.e. the euclidian plane for x — 0, and the 
hyperbolic plane with constant curvature x f° r X < 0)- For a triple of 
points [pi,P2,P3] in ^ the corresponding triple of points in M x is denoted by 
[Pi,p 2 ,P3], and has the property: 

d(Pi,Pj) = d(p*,p*), l<i<j<3, 

where d* is the distance function on Hi x . For a point q G [^1,^2], the corre- 
sponding point q* G [p*, /><■>] nas the property d(p\,q) = d*(p{,q*). 

It is known then that iV has non-positive (negative, respectively) curva- 
ture in the metric sense, too (see for example [4], page 52). This means that 
for every triple of points [pi,P2,Ps] i n N and the points 5 G [pi,p 2 ], r G [pi,P3] 
the corresponding triple [Pi,p 2 ,P3] and the points q* G [Pi,P 2 ],r* G [p*,^] in 
Hi x have the property: d(q,r) < d*(q*,r*). 

Remark 2.2. If IH n is the n-dimensional hyperbolic space, then the 
distance function d : H n x IH n — > IR has the following property: 

Al Vi + gi P2 + Q2 v d(p l7 p 2 ) +d(q 1 ,q 2 ) 
[ 2 ' 2 J< 2 

where Pi,P2,Qi,Q2 are points in HI n which are not on the same maximal 
geodesic (see [3], page 37). 
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It is elementary that a continous midconvex function is convex. It is also 
easy to see that strict inequality for the middle of a segment implies that the 
inequality is strict for every interior point of the segment. It follows that, for 
t (0 < t < 1), we have 

d(t Pl + (1 - t) qi ,tp 2 + (1 - t)q 2 ) < td( Pl ,p 2 ) + (1 - t)d( qi , q 2 ). 

Of course, when the four points are on the same geodesic, the inequality 
becomes equality. We need only the case n = 2, and this can be also verified 
by direct computation using the cosine formula in the hyperbolic plane. In 
fact, the following is true. 

Lemma 2.3. Let N be a simply connected complete Riemannian manifold 
of negative curvature as above, and U\ and U 2 two nonempty convex sets in 
N , such that U\ fl U 2 = 0. Then the restriction of the distance function 
d : Ui x U 2 — > IR is almost strictly convex. 

Proof. From the remark 2.1., it follows that the set U\ x U 2 is a 
nonempty convex subset of the product manifold N x N, so it makes sense 
to talk about the convexity of the function d : U\ x U 2 — > IR . Take the 
points p\,q\ G Ui,p 2 ,q 2 G U 2 , Pi ^ q iy i = 1,2. Consider t, < t < 1; we 
shall prove that: 

d(tpi + (1 - t) qi ,tp 2 + (1 - t)q 2 ) < td(p 1 ,p 2 ) + (1 - t)d(q 1 ,q 2 ), 

with equality only when pi, q±,p 2 , q 2 are on the same geodesic. 

Suppose they are not, and denote by r\ the point tpi + (1 — t)q\ and 
by r 2 the point tp 2 + (1 — t)q 2 . Consider also the point r G [pi,<?2], t = 
tpi + (l—t)q 2 . Using the comparison triangle \p\, q\, q 2 ] and the corresponding 
points r^,r* G 1H X , we obtain that: 

d(n,r) < d*(rl,r*) < (1 - t)d*(q*, q* 2 ) = (1 - t)d( qi , q 2 ), 

where we have assumed that q 2 G" (possible, because Pi,qi,p 2 ,q 2 are 

not all on the same geodesic), and we have used the remark 2.2. In a similar 
way, we have that: 

d(r,r 2 ) < td(p^p 2 ), 

and then, by addition that: 

d(r 1 ,r 2 ) < d(n,r) +d(r,r 2 ) < td(p 1 ,p 2 ) + (1 -t)d(qi,q 2 ). 
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When the four points are on the same geodesic the inequality becomes equal- 
ity. Consider now a geodesic 7 : [—5, 1 + 5] — > N, 7(0) = p±, 7(1) = P2, S > 0; 
from the inequality proved above it can be inferred that the function d : 
U\ x U2 — > IR is convex. Furthermore, for a geodesic 7 : [0, 1] — ■> AT x A" 
such that 7(0) = (pi,P2), h follows that the function d o 7 : [0, 1] — > IR is 
strictly convex if and only if 7(0), the tangent vector at p, is not in the 2- 
plane generated in T(p ljP2 )(iV x iV) by the vectors (7(0), 0) and (0,7(1)). It's 
not difficult to see that the function do^y : [0, 1] — > IR is constant if and only 
if the tangent vector 7(0) is on the line given by the vector (7(0), 7(1)) in the 
tangent space to the product manifold iV x N at (pi,P2)- So the restriction 
of the distance function to U\ x U2 is almost strictly convex and the direction 
of the line l(£ ltP2 ) (see the definition of an almost strictly convex function) is 
given by the vector (7(0), 7(1)). 

Note. As Professor Jianguo Cao pointed out to me, lemma 2.3. is a 
consequence of the proposition 1 from the paper of Schoen and Yau [6] . Our 
notion of almost strictly convexity for a function / : V — > IR corresponds to 
the fact that the rank of the hessian of / at the considered point is at least 
dimV — 1. 

For the case of non-positive curvature we will use the statement: 

Lemma 2.4. Let N be a simply connected complete Riemannian manifold 
of non-positive curvature, p & N a fixed point, and U 2 a nonempty convex 
set in N such that p ^ L^- Then the function f : U2 — > IR , defined by 
f(q) = d(q,p) is almost strictly convex. Moreover, for any point q G U 2 , and 
any geodesic 7 : [0, 1] — * A^ 7 7(0) = q, the function f 07 is not constant (i.e. 
the direction V q can be chosen arbitrarily). 

Proof. In this case, the restriction of the distance function is considered 
with one argument fixed. Using the same notations as in the previous lemma, 
but keeping p\ = q\ = p, and by comparing this time with triangles in the 
euclidian plane, we have that: 

d(p,r 2 ) < td(p,p 2 ) + (l-t)d(p,q 2 ), 

with equality if and only if the three points are on the same geodesic. This 
shows that / is almost strictly convex. Moreover, at a closer look, for a point 
q G U 2 , even for the geodesic 7 : [0, 1 + S] — > N, 7(0) = p, 7(1) = q, 5 > 0, 
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the function / 07 (where the composition makes sense) is not constant. 
This proves the last assertion in the lemma 2.4. Notice though that, in 
this situation, the function / falls short of being strictly convex - the strict 
inequality does not hold in the direction 7(1), but holds in all the others. 

We will need also the following elementary fact: 

Lemma 2.5. Consider in IR n {n > 2) for every i, 1 < i < k, k < n, an 

(n — \)- dimensional linear subspace Hi, and denote by Si one of the closed 

k k 

half spaces determined by Hi. If [J Si = M n , then P) Hi is a linear subspace 

i=l i=l 

of dimension at least (n — k + 1). 

Proof. The lemma is clearly true if there exists i,j(l<i<k), such 
that Hi = Hj. Suppose that all the hyperplanes are mutually distinct. 

We use induction relative to n. For n = 2, 3 the lemma is true. Suppose 

it's true for n. Then in H n+1 , take S^ = SiDHi, for every i, 2 < i < k. Since 

k k 

\JSi = JR n , and H x ^ H h for all i, 2 < i < k, it follows that |J ^ = H ± . 

i=l i=2 

Using the induction we have that: 

k 

dim(f) Hi) > n - (k - 1) + 1 = (n + 1) - k + 1, 

SO 

k 



dim(f| Hi) >(n + l)-k + l, 

i=i 

which ends the proof of the lemma. 
3. Main results 

The main tool in proving the theorems will be the following: 

Proposition 3.1. Suppose N is a Riemannian manifold of dimension 
m > 2, not necessarily of negative curvature, V an open convex set in N, 
p G V . Assume that there exists a natural number k > 1, such that for every 
i, 1 < i < k, there is an almost strictly convex function /j : V — > M, fi(p) = 
0, with the property: 

(i) there exists e > 0, such that for every point q G B(p, e) C V, 

mm fi(q) < 0. 

Ki<k 
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Then k > m. 

Moreover, if the following condition holds also: 

(ii) for every i ± ,i 2 , . . .,i m (l < h < k < • ■ • < i m < k), 

i f P H n i f P " 2 n • • • n l(r = {o}, 

then k > m + 1 . 



Proof. We can suppose that B(p,e)iV and B(p,e) is convex (make e 
smaller, if necessary). For every i, 1 < i < k, consider the open set 

Ai = {q\qe B(p,e),fi(q) < 0}, 

and the closed set 



B t = {q\qeB(p,e),f l (q)<0}, 

Of course, A^Bi, and since the functions fi are convex, it follows that 
Ai and Bi are convex sets. For every i, 1 < % < k, consider the geodesic 
7i : [— e, e] — > B(p,e), parametrized by arc length, such that 7i(0) = p and 
7i(0) G Zp. Denote by the set 7i([— e, e]). We make the following remark: 

(3.2) B t \AiQ 

Indeed, if Bi\A { = 0, there is nothing to prove. Suppose that Bi\Ai ^ 0. 
For every point q E Bi \ Ai, we have that fi(q) = 0. 

Consider first the case = 0. If B^ consists of the single point p, the 
property is clear. For another point q G Bi, we have that 

fi(q) = fi(p) = °, [P, ^l 1 - 6 ^ and /i > on S(p, e), 

because Ai = 0. The convexity of the function fi implies then that for every 
point r G \p,q],fi(r) = 0, so fi is constant along the segment \p,q] and this 
gives Bad. 

Suppose next that there exists a point p' G A^ Then /j(p') < 0, and, 
in fact, from the convexity of the function f\ it follows that fi(p") < 0, for 
every p" G \p,p'],p" ^ P- So p" G Ai, which implies that p G Ai. For a point 
g G we can find 5 > such that S(g, <5)nAj = 0; this means fi(r) > 0, 

for every r G B(q,5). On the other hand, the convexity of /j implies that 
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for every point r' G \p, q] H B(q,S),r' ^ q, we have that fi(r') < (because 
fi(p) = fi(o) = 0)- m conclusion /i(r') = 0, and /j is constant along the 
segment [p, q]. So [p, g]iCj , which ends the proof of the relation 3.2. 
Condition (i) in the proposition says in fact that 

k 

{JB 1 = B{p~e). 

i=i 

Combining this with the relation 3.2, we obtain that 

k 

i=i 

so 

A; A; 

i=i i=i 

But the difference of the two sets in the first part of the inclusion is an open 
set in B(p,e) and since m = dimiV > 2, it is clear that the union of the 
geodesies Cj cannot cover this open set, unless the open set is empty, 

k 

b(p^)\{J^ = ® 

1=1 

Consider then ko, such that Ai ^ 0, for alH, 1 < % < k®, and Aj = 0, for 
all j, ko < j < k. We will prove that in fact ko>m (respectively ko > m+1). 
Clearly we have that 

(jA = B(v~^j 

i=i 

For the non-empty convex set Ai, with p G dAi, we can apply proposition 
4.9.2. from [5]: there exists a support hyperplane H l p iT p N, so that all the 
tangent vectors at p to the geodesic segments connecting p with points in the 
set Ai are in the same open half-space, denoted by S l p , 1 < i < k , determined 
I'.v //; in T /; .V. ' 

The sets A, L can cover the closed ball B(p, e) if and only if the correspond- 
ing closed half-spaces cover the tangent space at p (otherwise we would have 
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a direction which is in none of the closed half-spaces, so a geodesic segment 
which, at least locally, is not contained in any of the closed sets A4). So: 

ko 

U S* = T P N, 
i=i 

and then lemma 2.5. implies that: 

ko 

dim(f)^p) >m-k + l. 
i=\ 

Suppose now that ko < m — 1; then: 

ko 

dim(f] iZj) > m - (m - 1) + 1 = 2 

i=i 

fco 

Define the set U = B(p, e) fl exp p (P| H p ). Take a point q <E U \ {p}. Then 

i=i 

there exists io, 1 < io < fco, such that g G A io . But from the definition of 
the set U we have that q A io , so it follows that q G A io \ A io or in other 
words fi (q) = 0. Using the convexity of the function and the fact that 

fioip) = 0' we S et as aDove that q G Cj . The consequence of this argument 

fe 

is that C/i [J C{. But this is impossible, because U is a submanifold of di- 

mension at least 2, which cannot be covered by finitely many 1-dimensional 
submanifolds. This ends the proof of the first part of the proposition. 

Consider now the case ko = m and suppose that the condition (ii) holds. 
Then 

dirn(n#*)>l. 

i=i 

ko 

Consider a vector v G P) H l p , < ] |i>| | < e, and define the point q = exp p v. 

i=i 

ko 

It is not possible that q G [J because this would mean that v G S p for 

i=i 

some i, which is not true. On the other hand, if there is no i such that 
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q G Ai, it would follow that there exists a neighborhood W of q, WiB(p, e), 
such that 

wn(f}A-) = ®, 

i=i 

which is impossible, too. 

The argument shows that there exists Iq such that q G A{ \ Ai . The 
fact that v is the tangent vector at p to the geodesic segment [p, g] and the 
convexity of the function f io and of the set A io imply that [p, g]iA \ Ai (no 
interior point of \p,q] can be in A io , and fi is constant along this geodesic 

fi 

segment). This means that [p, q]iC io , so in fact v G If k\ is the number 
of AiS with the property that q G Aj, condition (ii) gives that fci < m — 1. 
The first part of the proposition can be applied now, and a contradiction is 
obtained. This ends the proof of the proposition. 

Remark 3.3. Notice that, when conditions (i) and (ii) are satisfied, the 
argument from the last part of the proof shows that there exists a neighbor- 
hood W of p such that for q G W, q ^ p, we have 

min fi(q) < 

l<i<k 

In other words, the function min fi has a strict local maximum at p. 

' \<i<k J ^ 

We are now in the position to prove the main results. 

Theorem 3.4. Let M be a complete Riemannian manifold of dimension 
n > 2 and negative curvature (all the sectional curvatures bounded above by 
X < 0). If (pi,P2) G M x M is a local maximum for the distance function 
on M , d : M x M — > M, then the points p\ and P2 are connected by at least 
2n + 1 distinct geodesic segments. 

Proof. Consider the universal covering space M which is diffeomorphic 
to IR n and n : M — * M the covering map. Denote by d the distance function 
on M^and by d the distance between the points pi and p 2 . Take a point 
Pi G M so that vr(pi) = p\. 

The closed ball B(pi,do) is compact in M. From the discreteness of the 
fibre 7r _1 (p 2 ), it follows that pi and p 2 are connected in M by just finitely 
many geoedsic segments 

li '■ [0, 1] — > M, 1 < i < fc, 7l (0) = pi, 7,(1) = P2, 
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parametrized proportionally to arc length. Consider their liftings to the 
universal cover 

7, : [0, 1] - M, 1 < % < k, 7,(0) = p!,7,(l) = p 2 G tT 1 ^), 

The discreteness of the fibre implies also that it is possible to find e > 0, so 
that d(pi,p) > d + e , for every p G 7r _1 (j9 2 ) \ {Pi, ■ ■ ■ tPz}- Define the sets: 

Ul = B(p 1 , e j),U 2 = B(p 2 , e j), 

U i = B(p l , -^),U 2 = B(p 2 , <i < k. 

We can suppose that e is small enough so that U 1 fl U 2 = 0, U 2 H U 2 = 0, 

for « 7^ j, and the restrictions 7Ti : C/i — > C/i, and 7r 2i j : [7 2 — > £/ 2 of the 
covering map are isometries. The negative curvature and the convexity of 
the distance function imply that the balls U±, U 2 , U i, U 2 are convex. 

For every i, 1 < % < k, consider the restriction of the distance function 

d on M, d~i : U\ x U 2 — » IR, and the map 7Tj : U\ x C/ 2 — > U\ x C/ 2 , defined 
by 7Tj = (7Ti,7r 2) i). We have that 7Ti and 7r 2j j are isometries, so 7Tj is also an 
isometry. Define the function fa : U\ x £/ 2 — > IR, by the relation /j = d;o 7T" 1 . 
In fact, for g x G t/i,g 2 G £/ 2 , it's clear that /i(gi,g 2 ) = d(qi,q 2 ), where 
gi = 7rjf 1 (g 1 ), and g 2 = vr^(g 2 ). The claim is that: 

(3.5) d(q u q 2 ) = min fi(q u q 2 ), for g x G U u q 2 G C/ 2 

i<«<fc 

For, notice that d(qi,q 2 ) = _ min d(qi,q 2 ). But: 

92G7T^ 1 ((}2) 

d(qi, q%) < + rf(Pi,P 2 ) + d(p 2 , g 2 ) < | + rf + | = do + | 

If q 2 G tt -1 ^) \ {92 > • • • > then: 

92) > - 92) - >do + e- |- | = do + |, 

where p is the point of the fibre n' 1 (p 2 ) which is closest to q\. The relation 
(3.5) is proved. 
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We have that U 2 H U\ = 0, because U\ D C/2 = 0- By applying the lemma 
2.3, we obtain that the functions dj are almost strictly convex, and that the 
lines lp , p i = (Pi,p 2 ), are generated by the vectors (7,(0), 7j(l))- From the 
equality 

fi°li = (fi TTj) o (vr" 1 o 7i ) = ^ o 7 i; 
and using the fact that 7Tj are isometries, it follows that the functions fi are 
almost strictly convex with ifi = (^i)*(lp), p = (pi,P2)- 111 order to apply 
the proposition 3.1 for the functions fi, we have to prove that the conditions 
(i) and (ii) are satisfied. 

The fact that p = (pi, P2) G M x M is a local maximum for the restriction 
to Ui x U2 of the distance function on d : M x M — > IR, together with the 
equality 3.5, provide exactly the condition (i) for the functions fi. This 
implies that k > 2n > 4. Next, we prove that, in this particular case, 
condition (ii) holds in the stronger form: 

(ii') for every 11,12,13 (1 < «i < ?2 < ^3 < fc), 

/J 1 n /f 2 n /J 3 = {0} 

fi 

For, suppose that there exists a non-zero vector v = (vi,V2), v G l p n H 

V 2 H V 3 . But the direction of the line P p l , i G {ii,i2,h}, is given by the 
vector (7j(0), 7i(l)). Since v ^ 0, one of its components is non-zero, too. 
Suppose vi 7^ 0. It follows that vi = ± 7i (0), for all i G {ii, i 2 , i 3 } (the 
geodesic segments joining p\ and p 2 are parametrized proportionally to arc 
length and they have the same length). But this implies that at least two 
of the considered geodesic segments have the same tangent vectors at p\, 
which is impossible. The contradiction obtained shows that the condition 
(ii') holds for the functions fi. The proposition 3.1 can be applied in this 
case, which ends the proof of the theorem. 

Remark 3.6. If we translate the remark 3.3 in the language of the 
theorem 3.4, it follows that the pairs of points, for which the distance function 
has a local maximum, are isolated in the product topology. 

Theorem 3.7. Let M be a complete Riemannian manifold of dimension 
n > 2 and non-positive curvature ( all the sectional curvatures bounded above 
by x ^ Q)i Pi a fixed point in M. If p 2 G M is a local maximum for the 
function f : M — > IR, defined by f(q) = d(q,p\), (d is the distance function 
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on M), then the points pi and p 2 are connected by at least n + 1 distinct 
geodesic segments. 

Proof. We will use the notations from the proof of the previous 
theorem. The universal covering space M is again diffeomorphic to H n , and 
using the same construction we define the functions /j : U 2 — > H by the 
relation fi(q 2 ) = d{pi,q^). The same argument as above gives that f(q 2 ) = 
d{j>ii a 2) = m in /ife), for q 2 € U 2 . Notice that in this case, lemma 2.4. 

l<i<k 

implies that the functions f\ are almost strictly convex, but also that the 
"bad" directions 1^ can be chosen arbitrarily. This means that condition 
(ii) from the proposition 3.1. is satisfied easily with a general choice of the 
directions l^. Proposition 3.1. implies k > n + 1, which ends the proof of 
the theorem. 

Corollary 3.8. On every compact Riemannian manifold of negative cur- 
vature, there are pairs of points connected by at least 2n + 1 distinct geodesic 
segments (for example, the points at maximal distance). 

Corollary 3.9. On every compact Riemannian manifold of non-positive 
curvature, for any given point pi e M, there exist a point p 2 e M (for 
example the point at maximal distance from pi) and at least n + 1 distinct 
geodesic segments connecting the two points. 

Remark 3.10. The flat torus example given in the introduction shows 
that corollary 3.9. is the best one can expect in general for the case of 
non-positive curvature. But the flatness is a very restrictive situation. It 
would be interesting to find conditions in which the result can be improved 
(for example, if we set as a hypothesis that the two points which realize the 
diameter of the manifold are isolated in the product topology). 

Remark 3.11. As one can see, the definitions and the proofs, except the 
proof of proposition 3.1. are essentially metric. It is likely that the results 
are true without the differentiability hypothesis for spaces of non-positive 
curvature (see [1], [4]) which are n-dimensional topological manifolds. What 
one will need is the generalization of the tangent space for metric spaces, the 
so-called space of directions. The notion is discussed in [1], but the details 
of the proof of the analog of the proposition 3.1 seem to be more difficult. 
A case which probably can be studied directly is the case of polyhedra of 
non-positive curvature, where the same methods as above should work. 
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